Linear AlgebraMidterm 2010.11.17

(Turn over leaf for more questions)

1. Suppose
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(a) (10%) Determine so that() is orthogonal;

(b) (10%) Projecth = (1,1,1,1)T to the space spanned by the first two
columns ofQ;

Solution

(a) Since each column must have unit length; %

(b) This can be solved by the normal equatidhAdz = ATb with

1 -1 1
-1 1 1
A: s b:
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The projection point isAz.

2. (20%) Find the inverse of x n matrix A with entries
n, 1=7
aij =
Solution
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which can be easily verified.



3. (20%) InR?3, aline L is characterized by two parameters

s ™
== .
3 7 ¢ 4 Y
whered is the angle between the line and thexis, and¢ is the angle
between the projection of the line on thg-plane and the-axis.

(@) Find theprojection pointson L of the unit vectorg1,0,0)7, (0,1, 0)7,
and (0,0, 1)7.

(b) Find theprojection matrix on L by computingl/? where! is a unit
vector onL.

Solution

(a) A unitvector onL is
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(b) The projection points of the unit vectors are the coluracters ofP;..

4. (20%) LetS,, be the set oh x n real symmetric matrices, arid,, be the
set ofn x n real skew-symmetric matrices. L®t, be the set of real x n
matrices. Prove thdak,, 83 and M, are vector spaces and decide their
dimensions.

Solution
First one needs to show thatdf, B € §,,, thenA + B € §,, andcA € §,,.
Similarly for X,, andM,,. For the dimensions, we have

dlmxg = 1, d1m83 = 6, dlmM4 = 16.
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5. Solve the following equation

1 -1 -1 -1 u 4
-1 1 -1 -1 vl |3
-1 -1 1 -1 w| |2
-1 -1 -1 1 y 1

Solution

This is solved by Gauss elimination or other methods. Ouhitte

6. (15%) Finda set of orthogonal functions that spans the set of real-valued
functionsd, where

F={a+br+cx®+da® +ex*|ab,c,decRxc[-1,1]}

Solution
As shown in class, the first three orthogonal functions are
5 1
v(r) =1, wv(r) =2, wvr)=2"— 3’
The next one is
3 3 3
3
v3(x :x?,_(vo,x) —<U1’x)v T —<U2’x)v ) =a%— Zx
3(7) (U07U0) o(@) (7117@1) 1(@) (02,7)2) 2(7) 5
followed by
4 4
4 (ve, ) (g3 _ o4 6,5 3
v(x) = (Uo,vo)vo ) (vg,vg)v?’(x) =" -3 + a5

{vo(2),v1(2), vo(x),v3(x), v4(x)} is the answer.



