Introduction to Probability Midterm 2012/4/23

1. (10%) Romeo and Juliet have a date at a given time, and edicarnve
at the meeting place with a delay betweeand1 hours, with all pairs of
delays being equally likely. The first to arrive will wait fonly 15 minutes.
What is the probability that they will meet?

2. (5%) Design team C and design team N are separately asldssign a
new product within a month. The probability that team C iscassful is
2/3, the probability that team N is successful is 1/2, andptiobability that
at least one team is successful is 3/4. Assuming that exae#ysuccessful
design is produced, what is the probability that it was desigoy team N?

3. (5%) You enter a chess tournament where your probabifityioning is
0.3 against half the players, 0.4 against a quarter of thgemaand 0.5
against the remaining players. You play a game against analycchosen
opponent. What is your probability of winning?

4. (10%) If an aircraft is present in a certain area, a rad@atieit and gener-
ates an alarm with probability 0.99. If an aircraft is notg@et in that area,
a radar generates an alarm with probability 0.1. Assumeahadircraft
is present with probability 0.05. Given an alarm is genetavehat is the
probability that an aircraft is present in the area?

5. (10%) LetA and B be events withP(A) > 0 and P(B) > 0. We say that
B suggestsi if P(A|B) > P(A).

(&) Show thaiB suggestsi if and only if A suggests3.
(b) Assume that”°(B¢) > 0. Show thatB suggestsA if and only if B¢

does not suggest.

6. (10%) LetX andY be independent standard normal random variables. The
pair (X,Y") can be described in polar coordinates in terms of random vari
ablesk > 0 and©® € |0, 27|, so that

X =Rcos®, Y = RsinO.

Show that© is uniformly distributed in[0, 27|, and R has the (Rayleigh)
PDF
Ry =re ™2 r>0.
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. (10%) Consider the following two-sided exponential PDF

pAe A x>0,
fx(x) = \
(1 —=p)re*, x<0.

Find the mean and the variancef

(10%) A coin has probability of heads equalptolt is tossed successively
and independently until back-to-back heads or back-td-laits appear.
Find the expected value of the number of tosses using thleciqtactation
theorem.

(10%) A binary signal is transmitted, and we are given thg@ = 1) = p
andP(S = —1) =1 — p. The received signal i85 = N + S, whereN is a
standard normal random variable independerft.0fVhat is the probability
thatS = 1, as a function of the observed valyef Y?

(5%) LetX, Y be described by a uniform PDF on the unit square. What is
the joint CDF?

(5%) Suppos& ~ uniform(a, b). What is the variance oX'?

(10%) Suppose thaf andY” are independent, identically distributed, geo-
metric random variables with parameterShow that

PX=iX+Y=n)=—— i=1...,n—1
n

(10%) Suppos& ~ Poisson(\), that is,

k
px(k) = e_’\%, k=0,1,2,...

Find the mean and the variance.sf



